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Abstract
The Kalman filter is an efficient recursive filter that estimates the state of a linear dynamic
system from a series of noisy measurements. It is used in a wide range of engineering
applications from radar to computer vision, and is an important topic in control theory and
control systems engineering. In 1960, R.E. Kalman published his famous paper describing a
recursive solution to the discrete-data linear filtering problem [1].
The Kalman filter is a set of mathematical equations that provides an efficient computational
(recursive) means to estimate the state of a process, in a way that minimizes the mean of the
squared error. The filter is very powerful in several aspects: it supports estimations of past,
present, and even future states, and it can do so even when the precise nature of the modeled
system is unknown [2].
This term paper gives an introduction to Vector Kalman filters. It includes a description and
some discussion of the basics of Vector Kalman filters, a derivation, description and some
discussion of the extended Kalman filter, and a small example of its applications.
Discrete Kalman Filter
The Process to be Estimated
The Kalman filter addresses the general problem of trying to estimate the state x ∈ ℜn of a
discrete-time controlled process that is governed by the linear stochastic difference equation
xk = Axk – 1 + Buk – 1 + wk – 1 ,

(1.1)

m

with a measurement z ∈ ℜ that is
zk = Hxk + vk

(1.2)

The random variables wk and vk represent the process and measurement noise respectively. They
are assumed to be independent (of each other), white, and with normal probability distributions
p(w) ∼ N (0, Q)

(1.3)

p(v) ∼ N (0, R)

(1.4)

In practice, the process noise covariance Q and measurement noise covariance R matrices might
change with each time step or measurement, however here we assume they are constant.
The n × n matrix A in the difference equation (1.1) relates the state at the previous time step k-1
to the state at the current step k, in the absence of either a driving function or process noise. In
practice A might change with each time step, but here we assume it is constant. The matrix B
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relates the optional control input u ∈ ℜl to the state x. The m × n matrix H in the measurement
equation (1.2) relates the state to the measurement zk. In practice H might change with each time
step or measurement, but here we assume it is constant [2].
Computational Origin of the Filter
We define xˆ-k ∈ ℜn (“super minus”) to be our a priori state estimate at step k given knowledge
of the process prior to step k, and xˆk ∈ ℜn to be our a posteriori state estimate at step k given
measurement zk. We can then define a priori and a posteriori estimate errors as
e-k ≡ xk – xˆ-k, and
ek ≡ xk – xˆk
The a priori estimate error covariance is then
P-k = E [e-k e-kT ]

(1.5)

and the a posteriori estimate error covariance is
Pk = E [ek ekT ]

(1.6)

In deriving the equations for the Kalman filter, we begin with the goal of finding an equation that
computes an a posteriori state estimate as a linear combination of an a priori estimate and a
weighted difference between an actual measurement and a measurement prediction as shown
below in (1.7).
xˆk = xˆ-k + K (zk – Hxˆ-k )

(1.7)

Hxˆ-k)

The (zk –
difference in (1.7) is called the measurement innovation, or the residual. The
residual reflects the discrepancy between the predicted measurement Hxˆ-k and the actual
measurement zk. A residual of zero means that the two are in complete agreement.
The n × m matrix K in (1.7) is chosen to be the gain or blending factor that minimizes the a
posteriori error covariance (1.6). This minimization can be accomplished by first substituting
(1.7) into the above definition for ek, substituting that into (1.6), performing the indicated
expectations, taking the derivative of the trace of the result with respect to K, setting that result
equal to zero, and then solving for K [3], [4], [5]. One form of the resulting K that minimizes
(1.6) is given by
Kk = P-k HT (HP-k HT + R)–1

(1.8)

Looking at (1.8) we see that as the measurement error covariance R approaches zero, the gain K
weights the residual more heavily. Specifically,
lim R->0 Kk = H–1
On the other hand, as the a priori estimate error covariance P-k approaches zero, the gain K
weights the residual less heavily. Specifically,
lim P-k->0 Kk = 0
Another way of thinking about the weighting by K is that as the measurement error covariance R
approaches zero, the actual measurement zk is “trusted” more and more, while the predicted
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measurement Hxˆ-k is trusted less and less. On the other hand, as the a priori estimate error
covariance P-k approaches zero the actual measurement zk is trusted less and less, while the
predicted measurement Hxˆ-k is trusted more and more.
The Discrete Kalman Filter Algorithm
The Kalman filter estimates a process by using a form of feedback control - the filter estimates
the process state at some time and then obtains feedback in the form of (noisy) measurements.
As such, the equations for the Kalman filter fall into two groups: time update equations and
measurement update equations. The time update equations are responsible for projecting forward
(in time) the current state and error covariance estimates to obtain the a priori estimates for the
next time step. The measurement update equations are responsible for the feedback, that is, for
incorporating a new measurement into the a priori estimate to obtain an improved a posteriori
estimate.
The time update equations can also be thought of as predictor equations, while the measurement
update equations can be thought of as corrector equations. Indeed the final estimation algorithm
resembles that of a predictor-corrector algorithm for solving numerical problems. The specific
equations for the time and measurement updates are presented below in Table 1-1 and Table 1-2

The time update equations in Table 1-1 project the state and covariance estimates forward from
time step k -1 to step k. A and B are from (1.1), while Q is from (1.3).
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The first task during the measurement update is to compute the Kalman gain, Kk. Notice that the
equation given here as (1.11) is the same as (1.8). The next step is to actually measure the
process to obtain zk, and then to generate an a posteriori state estimate by incorporating the
measurement as in (1.12). Again (1.12) is simply (1.7) repeated here for completeness. The final
step is to obtain an a posteriori error covariance estimate via (1.13).
After each time and measurement update pair, the process is repeated with the previous a
posteriori estimates used to project or predict the new a priori estimates. This recursive nature is
one of the very appealing features of the Kalman filter—it makes practical implementations
much more feasible than (for example) an implementation of a Wiener filter [4] which is
designed to operate on all of the data directly for each estimate. The Kalman filter instead
recursively conditions the current estimate on all of the past measurements. Figure 1 below
offers a complete picture of the operation of the filter,

Figure 1 - A complete picture of the operation of the Kalman filter

Extended Kalman Filter
The Process to be Estimated
The general discrete Kalman filter addresses the problem of estimating the state x ∈ ℜn of a
discrete time controlled process governed by a liner stochastic difference equation. However, if
this underlying equation is non-linear, a Kalman filter that linearizes about the current mean and
covariance is referred to as an extended Kalman filter or EKF.
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State X ∈ ℜn of a discrete-time controlled process given by the non linear stochastic equation,
Xk = f (Xk – 1 ,Uk – 1 , Wk – 1 )

(2.1)

with measurement Z ∈ ℜm that is
zk = h(Xk , Vk )

(2.2)

Approximate the state and measurement vector without the noise values as
x˜k = f (xˆk – 1, uk – 1, 0)

(2.3)

z˜k = h(x˜k, 0)

(2.4)

where xˆk is some a posteriori estimate of the state (from a previous time step k).
It is important to note that a fundamental flaw of the EKF is that the distributions (or densities in
the continuous case) of the various random variables are no longer normal after undergoing their
respective nonlinear transformations. The EKF is simply an ad hoc state estimator that only
approximates the optimality of Bayes’ rule by linearization. Some interesting work has been
done by Julier et al. in developing a variation to the EKF, using methods that preserve the normal
distributions throughout the non-linear transformations [6].
Computational Origins of the Filter
To estimate a process with non-linear difference and measurement relationships, we begin by
writing new governing equations that linearize an estimate about (2.3) and (2.4),
xk ≈ x˜k + A(xk – 1 – xˆk – 1) + Wwk – 1

(2.5)

zk ≈ z˜k + H(xk – x˜k ) + Vvk

(2.6)

where
• xk and zk are the actual state and measurement vectors,
• x˜k and z˜k are the approximate state and measurement vectors from (2.3) and (2.4),
• xˆk is an a posteriori estimate of the state at step k,
• The random variables wk and vk are the process and measurement noise.
• A is the Jacobian matrix of partial derivatives of with respect to x,
• W is the Jacobian matrix of partial derivatives of with respect to w,
• H is the Jacobian matrix of partial derivatives of with respect to x,
• V is the Jacobian matrix of partial derivatives of with respect to v.
Now we define the prediction error and the measurement residual as –
• Prediction error e˜xk ≡ xk – x˜k
(2.7)
• Measurement Residual e˜zk ≡ zk – z˜k
(2.8)
• Error Process
o e˜xk ≈ A(xk – 1 – xˆk – 1) + εk
(2.9)
o e˜zk ≈ He˜xk + ηk
(2.10)
where εk and ηk represent new independent random variables having zero mean and covariance
matrices WQWT and VRV T , with Q and R as in (1.3) and (1.4) respectively.
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The a posteriori state estimates for the original non-linear process is given by
xˆk = x˜k + eˆk

(2.11)

The random variables of (2.9) and (2.10) have the following probability distributions
p(e˜) ∼ N (0, E[e˜e˜T ])
p(εk ) ∼ N (0, WQkW T )
p(ηk ) ∼ N (0, V RkV T )
With these approximations and letting eˆk be zero
eˆk = Kke˜zk
(2.12)
By substituting (2.12) in (2.11) and using (2.8), we avoid the use of the hypothetical Kalman
Filter and get
xˆk = x˜k + Kke˜zk = x˜k+ Kk(zk – z˜k )
(2.13)
Extended Kalman Filter Algorithm
The algorithm of the Extended Kalman filter closely follows that of the discrete Kalman filter.
Figure 2 below offers a complete picture of the operation of the EKF.

Figure 2: Complete Operation of the Extended Kalman Filter
An important feature of the EKF is that the Jacobian HK in the equation for the Kalman KK gain
serves to correctly propagate or “magnify” only the relevant component of the measurement
information. For example, if there is not a one-to-one mapping between the measurement zK and
the state via h, the Jacobian HK affects the Kalman gain so that it only magnifies the portion of
the residual zK – h(xˆk ,0) that does affect the state. Of course if over all measurements there is
6
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not a one-to-one mapping between zK the measurement and the state via h, then as you might
expect the filter will quickly diverge. In this case the process is unobservable.

Kalman Filter Example – RoboCup Soccer
The challenge of the RoboCup soccer team developers is to develop a robotic soccer team by
2050 which can defeat the then world cup champions. Kalman filters have been used to estimate
the position and orientation of the robot in these teams [7].
The robot position is modelled by a Kalman Filter and the ball position is also modelled by a
Kalman Filter. The robot position is determined by the x and y coordinates on the field and the
orientation. There are six uniquely identifiable beacons and four goal edges on the RoboCup
soccer field for which the coordinates are known before runtime, allowing them to be used as a
reference for position on the field. To localise, the robot uses information from vision about the
location of beacons and goals with respect to the robot and information about the amount of
movement. The robot localization routine is called every time a vision update is received which
is approximately twenty five times per second. As the measurements of distance and angle are
not a linear function of x, y and orientation, the Extended Kalman Filter is used. Initially the
ball’s position was computed using a simple trigonometric calculation on the information from
vision. The errors in calculating the position of the ball using this method are rather high, so a
Kalman Filter was implemented on the ball to eliminate some of these errors. The ball position is
determined by x and y coordinates, but the Kalman Filter also includes velocity estimation in the
x and y directions. The velocity states allow prediction of the ball’s position to be made when the
robot cannot see the ball. Negative acceleration of the ball due to friction on the field is taken
into account. For the ball there is no knowledge of the ball’s input driving force (robots kicking
the ball, ball bouncing of wall edges) so the only information that is used is the vision
information of distance and angle to the ball. If communication between the robots is possible
via the wireless LAN link it is advantageous for them to share information, especially about
where the ball is. This is particularly useful if one robot cannot see the ball. In order to share
information a Ka lman Filter is implemented on ball position measurements from all robots. For
this Kalman Filter, each robot calculates the (x, y) position of the ball using trigonometry and
sends this information to all the other robots. These x and y coordinates are treated as the
'measurements' and since the measurements are a linear function of the variables we wish to
know, a linear Kalman Filter is used. All the measurements from all the robots are then used in a
Kalman Filter. As there were some problems with the ball position "jumping" as measurements
from different robots were put into it, two ball position Kalman Filters were implemented - one
with measurements from all the robots, and one with measurements from one robot. The one
robot ball position was used in order to position for a kick, and the multiple robot ball position
was used when the robot could not see the ball.
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